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ABSTRACT
We investigate stability of Martin boundaries for positive solutions of
elliptic partial differential equations. We define a perturbation which is
GII? -semismall at infinity, show that Martin boundaries are stable under
this perturbation, and give sufficient conditions for it.

§1. Introduction

This paper is concerned with a perturbation theory in the Martin theory for
the structure of all positive solutions of a second order elliptic partial differential
equation. The perturbation theory is not only important in itself, but also crucial
in studying the structure of positive solutions by exploiting the separation of
variables method (cf. [AM], [M1,2], and references therein).

The aim of this paper is to make it clear what is a “small” perturbation in
the Martin theory for positive solutions of an elliptic partial differential equation
Ly =0 in a domain D C R".

We shall introduce the notion of GP-semismallness at infinity, and show that
Martin boundaries are stable under perturbations which are GP-semismall at
infinity (see Definition 1.1 and Theorem 1.4 below). Here the term “at infinity”
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means “near an infinity point in the one point compactification of D”. After
giving sufficient conditions for a perturbation to be GP-semismall at infinity,
which are easy to check, we shall give concrete examples by applying them (see
Theorems 4.2, 5.1, 5.4.1, 5.9, and 5.11 in Sections 4 and 5). Notions and results
related to GP-semismallness will also be discussed in this paper.

As for the Martin theory for elliptic equations and perturbation theories for it,
see [Ag], [AM], [BHH], [CC], [CFZ], [H], [HZ], [L], [LP], [Mae], [Mar}, {M1,2,3,4],
[N], [P1,2,3], [Pi], [T], [21,2,3], and a brief explanation before Theorem 1.4 to be
stated below.

Let n > 2 and p > n/2. Let L be an elliptic operator on a domain D in R of
the form

n n
(11) L=- Y 8i(a;(2)85) — ) b(@)d; +V(2),
i,5=1 j=1
where 9; = 8/0z;,b; (j =1,...,n) and V are real-valued functions in Ly joc(D)
and Ly joc(D), respectively, and (a;;(z))};—; is a positive definite symmetric
matrix-valued measurable function on D such that for any compact set K in D
there exists a positive constant A with

n
ATHER < ) ai(@)€d; < AP, TeK, EeR™
i,j=1

Throughout the present paper we assume that (L, D) is subcritical, i.e., there
exists the (minimal positive) Green function G? for (L, D). Let {D;}$2, be an
increasing sequence of smooth bounded domains in D such that D; € D;14,j =
1,2,...,and U;‘;l D; = D , where D; € Dj;, means that the closure F] of D;
is a compact subset of D;, ;. Then

(1.2) G = lim G;,

where G is the Green function for L in D; with zero Dirichlet boundary condition
(cf. [M2] and [S]).
Let *L be the formal adjoint operator of L:

n

L=-— Z 3,'(0,.,']'8]') + Zaj(b]) +V=0.

1,j=1 i=1
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Recall that the (minimal positive) Green function G5, for (*L, D) is given by
Gh(e,y) = GL(y,2), (z,y) € D*.

For an open subset  of D, H} .(Q) {(or H'(2)) denotes the set of all functions

fin L 16c(2) (or Ly(Q2)) whose first order distributional derivatives 9; f belong

to L2 10c(2) (or Ly(€2)); and H}(S2) denotes the completion of C§°(Q2) in the

Sobolev space H'(Q2). A solution  of the equation Lu = 0 in ) means a function
€ H} () satisfying

n n
/ Z a;;05ud;p — ijajucp +Vup dz=0
Q

i4=1 j=1
for any ¢ € C§°(Q); and a solution u of the equation !Lu = 0 in Q is defined
similarly. It is known (cf. [S]) that any solution u of Lu = 0 (or *Lu = 0) in
Q is continuous. A supersolution u of the equation Lu = 0 in 2 means a real-
valued function u € H}, (Q) such that Lu > 0 in  in the weak sense. Following
S. Agmon, L is said to be §-positive in 2 € D when any supersolution u of
Lu = 01in Q such that

©>0 on 8Q (ie., u_(z) = max(—u(z),0) € Hy(Q))

is nonnegative a.e. in Q. It follows from the subcriticality of (L, D) that L is é-
positive in any open set Q@ @ D (cf. [M2, Theorem 1.5]). This positivity property
of supersolutions is equivalent to the weak maximum principle if V' = 0; and, by
abusing the terminology, we shall call it the maximum principle. This maximum
principle plays a basic role in studying positive solutions; for example, the proof
of (1.2) is based upon the monotonicity G; < Gj41, which follows from this
maximum principle.

Let z¢ be a point in Dy (it is fixed and called a reference point), and W be a
real-valued function in Ly 1,.(D). Put G = GP.

Definition 1.1: We say that W is GP-semismall at infinity when

(13 lim sup s [ Glao, )W)y =0

j—roo zED;

where DS = D~ D;. We say that W is Gf} -semismall at infinity when

(1.3) lim sup 5(2_1;)5/1.)? G(z, )W (W)|G(y, zo)dy = 0.

=0 2eDs

We rename the small perturbation introduced by Pinchover [P2] as follows.
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Definition 1.2: We say that W is GP-small at infinity when

1
14 lim sup ——~ Gz, v)IW(y)|G(y, 2)dy = 0.
(14 MME%CGW)/D; (& )W WG, dy

The following proposition says that GP-semismallness is, indeed, a semi-version
of GP-smallness.

PROPOSITION 1.3: If W is GP-small at infinity, then it is both GP-semismall at
infinity and G,DL-semismaH at infinity.

This proposition and theorems below will be proved in Section 2.

We denote by D},0yDy,8,Dr,KP, and Hy(L, D), the Martin compactifi-
cation, Martin boundary, minimal Martin boundary, Martin kernel for (L, D),
and the cone of positive solutions of the equation Lu = 0 in D, respectively. For
their definitions and basic properties, see [BHH]|, [CC], [H], [Mae], [Mar], [M1,2],
and [Pi]. Here, we only recall that D} = D U 80y Dy, is a compact metric space
including D as an open dense subset, for any u € H, (L, D) there exists a unique
finite Borel measure on 83Dy, such that u(8yDyp ~ 8,,D) = 0 and

_ D T
u(z) = /a KD 6,

and a point £ in the Martin boundary 9y Dy is an equivalence class of fun-
damental sequences {y;}32; in D: (i) {y;}32, has no accumulation points in
D; (ii) G(z,y;)/G(xo,y;) converges uniformly on any compact subset of D to a
positive solution (which is the Martin kernel KP(z,¢)); and (iii) two fundamen-
tal sequences are said to be equivalent if their limits are identically equal. We
write K = KP.

THEOREM 1.4: Suppose that (L + W, D) is subcritical. Put Gw = G2,y and
Kw = KP,yw. Assume that W is G} -semismall at infinity. Then there ex-
ists a homeomorphism & from D} onto D}y such that ®|p = identity and
®(8,,D1) = 8;n Dyyw. Furthermore, a linear operator T defined by

(1.5) Tu(z) = u(z) — /;)Gw(m,z)W(z)u‘(z)dz

is a continuous order preserving linear bijection from Hy(L,D) onto
H+(L + WD )7

TK(z,§)

(16) Ko (2, 96) = e 5,

£ €0uDy,
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the Green function Gw satisfies the resolvent equation

(1.7 Gw(z,y) = G(z,y) —/DGw(.’L‘, 2)W(2)G(z,y)dz,

and is semi-comparable with G, i.e., for any compact set F' in D there exists a

positive constant C such that
(1.8) C7'G(z,y) < Gw(z,y) < CG(z,y), (z,y) € FxD.

Remark: Nakai ([N]) investigated a similar problem for Schrédinger equations
on a Riemann surface R. It is easily seen that the assumption of his main theorem
implies that the difference P—Q of two potentials is GE , p- semismall at infinity
(rigourously speaking, in the sense of a Riemann surface version). Thus his main
theorem is, in a sense, a corollary of our Theorem 1.4.

Recall that (L+ W, D) is said to be critical if the Green function for (L+ W, D)
does not exist, but there exists a positive solution « of {L + W)u =0 in D, and
that in the critical case a positive solution is unique up to a constant multiple
(cf. [M2]). The following theorem is a generalization of [M2, Theorem 1.9}, and
is essentially known in the special case where W is GP-small at infinity (cf. [P3,
Lemma 2.5}).

THEOREM 1.5: Suppose that (L + W, D) is critical, and let u be a positive
solution of (L + W)u = 0 in D. Assume that W is GP,-semismall at infinity.
Then there exists a positive constant C such that

(1.9) C~'G(z,20) < u(z) < CG(z,20), =€ DNDy.

Furthermore, u satisfies the integral equation

(1.10) ue) =~ [ GEWEuwdy
Surprisingly, the following result is new.

THEOREM 1.6: Suppose that (L + W, D) is subcritical, and W is GP-small at
infinity. Then all the conclusions of Theorem 1.4 are valid. Furthermore, there

exists a positive constant C such that
(111) C_IK("E’&) < KW(:B) Qg) < CK(.’L‘,&), T € -D, f € aMl)[n
(112)  C7'G(z,y) < Gwl(z,y) < CG(z,y), (z,y) € DxD.

For a special case when the support of W is compact, this theorem can be
generalized as follows. For relevant results, see [L], [T], [M1], and [P1].
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THEOREM 1.7: Suppose that an elliptic operator L' on D is of the same form as
L,and L' = L on D\ F for a compact subset F' of D. Assume that (L', D) is also
subcritical, and denote by G’ and K’ the Green function and the Martin kernel
for (L', D), respectively. Then there exists a continuous order preserving linear
bijection T from H.(L,D) onto H (L', D), a homeomorphism ® from D} onto
Dj, satisfying ®|p = identity and ®(8,,D1) = 8,,Dr/, and a positive constant
C such that

113 lG(m’y) < G,( ’y ( ) ((L‘,y) € D X D)

) <
C'u(z) < Tu(z) < Cu(x), z€D, ue H.(L,D),
CTK(2,€) < K'(w,8) < CK(,€), z€D, {€duDr,

K'(z, B€) = TK(z,£)

)
14)
)
) T (20,6)’

(
(
(1.15
(1.16 §€duDy.

The remainder of this paper is organized as follows. In Section 2, we prove
the theorems and proposition of this section. In Section 3, notions related to
GP-semismallness are introduced and their relations are established. In Section
4, two sufficient conditions for a perturbation to be GP-semismall at infinity are
given. The first one comes from the basic estimate which grew in the study of
life time estimates, while the second one comes from the 3G theorem which grew
in studying conditional gauge theorems (cf. [Ai], [AM], [B1,2,3], [BC], [BD1,2],
[BHH), [BQ], [CFZ], [CM], [F], [Z1,2,3]). Applying these sufficient conditions,
we give several concrete examples concerning GP-semismallness in Section 5.

Among others, Example 5.10 reads as follows.

Example: Suppose that

Z Biai;(2)d; + V(z),

t,j=1
where the coefficients a;; and V are periodic functions on R*, and A <V < p
for some positive constants A and u. Assume that W satisfies, for a sufficienntly
large natural number N,

oo

Sup / E(y, w)|W (y)|dy < o0,
b=N T <lwl<NkJ|y-w|<1

where E(y,w) = |y — w|?>~™ for n > 3, and E(y,w) = log(2/|ly — w|) for n = 2.
Then W is G¥ -semismall at infinity. Furthermore, if (L + W,R") is subcritical,
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then 8., Dy+w is homeomorphic to the boundary of a non-empty strictly convex
bounded open subset of R™ .

§2. Proof of Theorems 1.4-1.7 and Proposition 1.3

Proof of Proposition 1.3: Proposition 1.3 follows directly from the following

lemma. [ ]

LEMMA 2.1: Suppose that there exists a positive constant ¢ such that

(2.1) [ GanWmicm ) < Gz, )

3

for any z,2z € D§. Then (2.1) holds for any z,2 € D.

Proof: We claim that (2.1) holds for any (z,2) in D; x (D~Dj). Fix z in

D~ _5; In view of the monotone convergence theorem, it suffices to show that

v(z) E/ G(z,y)f(y)dy < eG(x,2), z € D;
D
where f is a nonnegative measurable function on D such that it has compact
support in D\ D;, and is bounded from above by the minimum of a positive
constant and |W (y)|G(y,2). Put u(z) = eG(z,2) — v(z). Then, for some open
set @D D;, u € H(Q)NC’(Q), u>0on 2 Dj, and Lu = 0 in Q. Thus u
is a solution of the equation Lu = 0 in D; satisfying u > 0 on 8D; in the sense
that u_ € H}(D;). Therefore the maximum principle (or é-positivity of L in
D;) shows that u(z) > 0 for any z € D;. This proves the claim. Now, fix z in
Dj;. Since the left and right hand sides of (2.1) are both continuous on D with
respect to z, we then get (2.1) for any (z,2) € D; x D§. Similarly, (2.1) holds
for any (x,2) € D§ x D;. Finally, fix z in D;. Then the left hand side of (2.1)
is a solution of Lu = 0 in Dj, and L(eG(:,2)) > 0 in D;. Thus the maximum

principle shows that (2.1) holds for any « in D;. This completes the proof. |

Proof of Theorem 1.7: We first show (1.13). Suppose that F C D,,. Since
(L, D) is subcritical, we can choose a positive solution A of the equation Lh =0
in D. Put

(2.2) Ly = —h? Z 6,-(h2a,~16j) - ijaj,

4,j=1 i=1
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and G* = G . Then we see that G(z,y) = h(z)G"(z,y)h(y)”". We obtain
(cf. [GW], [LSW], [S]) that

(2:3) C7'E(z,y) < GL*(,y) < CE(z,y), =,y € Dpay,
where C is a positive constant,
E(z,y) =|z —y|* ™ forn >3, E(z,y)=log(R/|z —y|) forn =2

with R > sup{|z — y|;z,y € Dm42}. Let Hy(z) be the solution of the equation
Lpu=0in D5 with u(-) = G*(-,y) on 8Dy 42. Since
0 <inf{G"(z,y);z € ODm42,Y € Dmr1},
sup{G™(z,y);z € 8D p42,9 € D1} < 0,
the maximum principle implies that C~! < H,(z) < C for any = € Dp,y4o and

Yy € Dypyy. Since Gf"l"“ (z,y) = GM(z,y) — Hy(z), this together with (2.3) shows
that

(2.4) C"IE(:c,y) < Gh(a:,y) < CE(z,y), € Dpyiz, ¥€ Dpya-

Since h is positive continuous on D, it follows from (2.4) that

(25)  C'E(z,y) < G(z,y) <CE(z,y), %€ Dmy2, Y€ Dmpa.
Similarly, (2.5) holds with G replaced by G’. Thus
(2.6) C™'G(z,y) < G'(z,y) < CG(z,y),

for any z,y € D,,+1. Recall that G and G’ are minimal positive Green functions
for (L, D) and (L', D), respectively, and that L = L' on D\ D,,. Therefore,

[inf{G'(z,w); 2 € 3Dy y1,w € Dy }|G{z,Y)
<[sup{G(2,w); z € 8Dm41,w € D }|G'(z,y)

for any £ € DNDpy1 and y € D,,. This implies that (2.6) holds also for
any (z,y) € (D\Dmt1) X Dm; similarly, (2.6) holds for any (z,y) € Dy, X
(D~Dpyy). Since L(CG(:,y) —G'(-,y)) > 0in DD, for any y € D~ Dy 11,
we thus get (2.6) for any (z,y) € (D~ Dy,) X (D ~Dpny1). Similarly, (2.6) holds
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for any (z,y) € (D Dys1) X (D ~Dy,). Combining these estimates, we finally
get (1.13).

We next show (1.14)—(1.16) briefly along the line given in the proof of
Theorem 7.2 in [M2]. Choose ¢ € C§°(Dm42) such that ¢ =1 in Dy,,yy. Put
Q= D~ D,, and g = G?. Define an operator B on H,(L, D) by

(27) Bu(z) = gu(z) - / o(z, 4) L) (v)dy.

We see that L(Bu) = 0in Q, Bu=uon dQ, Bu > 0in Q, and Bu(z) < Cg(z, yo)
for any z € D\ D,, 13 with yo being a point on 0D, ;. Put

Hyo={u€ H(L,QNCEND);u=0 on 82N D}.
Then the operator S defined by
(2.8) Su=u— Bu

is a continuous order preserving linear bijection from H,(L,D) onto Hy o
(cf. [M2]). Similarly, define an operator S’ from H.(L',D) onto H, . Set
T =(8)"10S. Then T is a continuous order preserving linear bijection from
H,(L,D) onto Hy (L', D). Since the Harnack inequality yields the inequality

C~'u(z) < Su(z), =€ DNDpyy, u€ H (L, D),

and the corresponding one for S’, we get (1.14). It remains to show (1.15) and
(1.16). Suppose that {y;}72, is a fundamental sequence representing a Martin
boundary point £ € 9y Dy. Then we see that it is also a fundamental sequence
for (L', D) and the corresponding equivalence class £’ € 8y, Dy is independent
of a choice of representatives of £. Thus we can define ® by ®(y) =y for y € D,
and ¢ = ¢’ for £ € Oy Dr. We then get (1.16), which together with (1.14) shows
(1.15) and the desired properties of ®. 1

Proof of Theorem 1.4: We write W; = x;W, where x; is the characteristic
function of the set Df. In view of the Harnack inequality, we can choose, for any
positive integer m, J so large that the inequality

(29) | 6 Wi)Gw iy < 16(a,2)
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holds for any j > J, z € Dy, and z € Dj. As in the proof of Lemma 2.1, we
see that (2.9) holds also for any € D, and z € D. Now, let us show that the
Green function exists for (L + W;, D), j > J. Define Hy(z,z),k = 0,1,..., on
D,, x D by

HO(:L"Z) = G(.’I),Z), Hy(z,z) = /DHk‘l(xay)Wj(y)G(y, z)dy, k=12,....

Then, by induction,

(2.10) |Hy(z,2)| < 47%G(z,2), (z,2) € Dy x D.
Put
(2.11) )= (~1)*Hi(z, 2)
k=0
Clearly,
(2.12) 2G(x,2) < H(z,z) < $G(z,2), (z,2) € Dy x D.

We claim that H(z,-) is the Green function for (*L + Wj, D) with pole at z,
where 'L is the formal adjoint operator of L. For any ¢ € C$°(D,,), put

/Hk z,2)¢(z)dz, v(z)=/DH(x,z)¢(m)dx

We have *Lvy = ¢, and *Lvg = Wjvg~1. The local a priori estimates (cf. [S]) and
(2.10) yield

”vk”Loo(Dt) + ||'vk||H1(Dt) S C£4_k, { = 1,2, ceey

where Cy is a constant depending only on £. Thus, v € H} (D), and (*L+W;)v =
¢. This implies the existence of the Green function Gw,(z,-) for (*L + W;, D)
with pole at . Furthermore, making use of of the approximation by the Green
functions for (*L+W;, Di),k = 2,3,..., we have H(z,-) = Gw,(z,-). The claim
has been proved. By duality, there exists the Green function for (L+ W}, D) with
pole at z, which is equal to H(-,2) = Gw;, (-, 2) on Dp,. By Theorem 1.7, Gw and
Gw, are comparable (cf. (1.13)). Since m is arbitrary, this together with (2.12)
shows (1.8). Then the Lebesgue dominated convergence theorem together with
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(1.8) and (2.9) yields (1.7). It remains to prove (1.5), (1.6), and the existence of

a homeomorphism ®. First, we claim that the limit

Iz,£) = lim M

, TE D7
y—¢ G(x07y)

exists for any £ in 8y D. Fix z and choose £ such that £ € D,. In view of (1.8),
the same argument as above shows that for any € > 0 there exists j such that

[ Gwla WG 1)d: < Glons), v D,
D

Since G(z,y)/G(zg,y) converges to K(z,§) as y — £ uniformly on any compact

set in D, the Fatou lemma yields

/D G (2, 2)|W;(2)|K (2,€)dz < .

By (1.7),
lmsup %”E’—gyl)) < K(z,£) - /D Gow (2, )W (2) K (2, £)dz + 2€.
Similarly,
lim inf %M > K(z,£) - / Gow (2, 2)W(2)K (2, €)dz ~ 2.
v=¢ G(xo,Y) D
e lim S &Y _ gy - / Gow (2, 2)W (2) K (2, £)dz.
v—¢ G(zo,9) ’ D ’ ’

By (1.8), the above limit I(z, £) is positive. Since

Gw(z,y) =GW(33,Z/) G(xo,y)
Gw(zo,y)  G(xo,y) Gw(Zo,y)’

this means that y converges to a point £ in 83Dy w. Now we can define ®
by: ®(z) = z for z € D, and ®(§) = & for £ € Iy Dr. Then (1.6) holds
and @ is a continuous map from Dj to Dj_y,. Similarly, we can construct a
continuous map ¥ from Dj ., to D}. Since ® o ¥ = ¥ o & = identity in D,
the map ® is a homeomorphism from D} onto D}y, This together with the
Martin representation theorem shows that the operator T' is a continuous order
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preserving linear bijection from H,(L,D) onto H; (L + W, D). The equality
®(8,, D) = 8, Dryw can be proved by using positivity of T'. |

Proof of Theorem 1.5: First, let us prove (1.9). Since W is GF,-semismall
at infinity, we can choose, as in the proof of Theorem 1.4, j so large that the
inequality

1
1) [ GErWWIewy < 16w, (52 eDx D,
D
holds. Then (L + W}, D) is subcritical, and the inequality
(2.14) gG(m, 2) < Gw,(z,2) < %G(w,z), (z,2) € D x D,

holds. Let Wi (z) = max(+W(x),0), and Wy ; = x;W4. Since W, —W_; =
W; + (1 — x;)W4, we have by Theorem 1.7 and (2.14)

(215) C_IG(:L" Z) < GW+—W_,J‘($’ Z) < CG(:E,Z), (1:1 Z) €D x D1,

for some positive constant C. Since (L+W, D) is critical and (W, —-W_;)-W =
(1—x;)W_ is a nonnegative function with compact support, we have by Theorem
1.9 of [M2]

@16)  ule)= [ Gwsow @)1= ) W- @l
This together with (2.15) implies (1.9). Next, let us prove (1.10). Put
o) = - [ Gl Wl
v(x) = /Gk(:z:,y Yu(y)dy, k=1,2,...,

where G = GP* on D} and Gy = 0 on D?\ D?. By the Harnack inequality
and (1.9), there exists a positive constant C such that for any (z,y) € D, x D

(2.17)
G(z, y)IW (y)|uly) <CG(z,y)IW;(y)|G(y, o)

+ CG(z, 20)(1 - X; (W)IW (v)](sup v).
3
By (2.13), for some positive constant C

[ G W hutidy < 06,0, =€ Dy
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By making use of (2.5) with m = j,

| GepWwhay<C, ce Dy
Thus
(2.18) /D Gz, y)|W (y)|u(y)dy < Cxjt1(x)G(z, o) +C(1—xj41(z)), z € D.
Since Gy, < G, (2.18) implies that
(219) (@), [o@)] < Cxgaa(@)G(@,20) +C1 — x3n(2)), @ €D,

forany k = 1,2,.... Since Gy = G as k — oo, Lebesgue’s dominated convergence

theorem shows that

(2.20) lim wvg(z) =v(z), z€D.

k—o0

Put wy = u — vk Since vy € HY(Dy), wy, € HY(Dg). Furthermore, Lwy =
—Wu—(—Wu) = 0in Dy, and wg > 0 on 8Dj. Thus, by the maximum principle,
wg > 0 on Dg. Then the Harnack inequality together with (2.19) implies that
there exists a subsequence of wy which converges on any compact subset of D to
a nonnegative solution w of Lw = 0 in D. By (2.20), w = u — v. Since w is a
nonnegative solution, w = 0 or w(z) > 0 for any z € D. Suppose that w(z) > 0
for any z € D. By (1.9) and (2.19),

w(z) < CG(z,zp), =€ Djy.

This together with the maximum principle shows that w(z) < CG{z, ) for any
z € D. Now, put

€ = sup{t > 0; G(z, zq) — tw(x) > 0 for any z € D}.

Then, 0 < € < 00. Put h(z) = G(z,z¢)—cw(z). Since G(z,x9) = coasz — xg, h
is positive in a neighborhood of zo. Thus & > 0 on D. Since Gi(z, ) = G(z, o)
as k — o0, there exists a positive constant § such that h(z) > 0G(z,zo) for
any £ € D§. Thus (6/C)w < h on D§; and so G(z,z¢) — (¢ + §/C)w(z) > 0
on D. This contradicts the maximality of . Hence w = 0; which is nothing
but (1.10). |

Proof of Theorem 1.6: We have only to prove (1.11) and (1.12). But they follow
from Lemma 2.1 and the proof of Theorem 1.4. |
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§3. Bounded perturbations

In this section we introduce several notions related to GP-semismallness
introduced in Section 1, and show relations among them. As for relevant no-
tions and results, see [BHH] and [Z1,2,3].

Recall that (L, D) is subcritical, G is the Green function for (L, D), and W is
a real-valued function in Ly 1oc(D).

Definition 3.1: We say that W is GP-bounded or GP-semibounded or HP-
bounded or HY-semibounded if there exists a positive constant C such that

(3.1) /D Gle,y) W)y, 2)dy < CCls,2), (z,2) € D2,
or
(3.2) /D G20, )W )|C(y, 2)dy < CGl(zo,2), =€ D,

(3.3) /;; Gz, )W (»)|hy)dy < Ch(z), ze€D, heH,(LD),
(3.4) /D G0, )W (@)[h(y)dy < Ch(zo), h € Hy(L,D),

respectively.

Definition 3.2: We say that W is GP H-integrable if
65 [ GenWalht)iy <o, seD, heH.(LD)
D

By definition, if W is GP-bounded (or HP-bounded), then it is
GP-semibounded (or HP-semibounded); by Propositon 1.3, if W is GP-small
at infinity, then it is GP-semismall at infinity. Furthermore, we have the follow-

ing relations.

ProrosiTION 3.3:
(i) If W is GP-small (or GP-semismall) at infinity, then W is G} -bounded

(or GP-semibounded).
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(ii) If W is GP-bounded (or G7-semibounded), then W is HP-bounded
(or HP-semibounded).
(iii) If W is HP-semibounded, then W is G¥ H-integrable.

Proof: (i) Suppose that W is GP-semismall at infinity. Since (L + |W|, D) is
subcritical, we have by (1.7) and (1.8)

Gl(z0,2) > /D Gwi(20,9) W (¥)|Gly, 2)dy > C /D G(z0,4)|W (4)|G y, 2)dy.

Thus W is Gi’ -semibounded. Similarly, if W is GE -small at infinity, then W is
GP-bounded.

(ii) Suppose that W is GP-semibounded. For any fundamental sequence
{2;}32, which is a representative of £ € Oy Dy, we have from (3.2)

/D G20, 1) W (9)| K (v, £)dy < C.

Now, the Martin representation theorem asserts (cf. [CC], [H], [Mae], [Mar], [M2])
that any positive solution h € H, (L, D) is represented by an integral on dy Dy,
with respect to a finite Borel measure p such that pu(dyDy) = h(zo). Thus we
get (3.4). Similarly, if W is GP-bounded, then W is HP-bounded.

(iii) Suppose that W is HP-semibounded. Fix a natural number m. By (2.5),

there exists a positive constant C,,, such that
68 [ GlenWE)hey < Cablao), €D, b€ Hu(LD).
Dm+1

By the Harnack inequality, there exists a positive constant C,, such that
G(z,y) < Ch,G(zo,y) for any (z,y) € D, x DS, |, which together with (3.4)
yields

67 [ GEwWWIhe)dy < Cohloo), €Dy he Hi(LD).

m+1
Combining (3.6) and (3.7), we get (3.5). |

Remark 3.4: Suppose that W is GP-bounded with bound C < 1/2. Then we
see that

1-2C

D.
1_0 G(""‘)y)) x’ye

1
G(z,y) < Gw(z,y) < ¢
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By Theorem 2.3 of [P1}, this implies that there exists a homeomorphism & from
the minimal Martin boundary 8,, Dy, onto 8, D1 +w such that (1.11) holds with
Ay Dy replaced by 8,,Dy. Therefore, the minimal Martin boundary is stable
under GP-bounded perturbations with bounds smaller than 1/2. In particular,
if Oy Dy, consists of one point, then dp Dy w also does.

Another notion related HP-boundedness is intrinsic ultracontractivity to be
defined below. Suppose that L is formally self-adjoint, i.e., b; = 0 for any j.
Since (L, D) is subcritical, the quadratic form on C§°(D) associated with L is
nonnegative; and there exists a nonnegative self-adjoint operator Lp on Ly(D)
corresponding to L (cf. [D]). Let I'{z,y,} be a minimal fundamental solution for
8, + L on D x (0,00); it is an integral kernel of the semigroup e*L> (see, for
example, [M5]). Denote by A the infimum of the spectrum of Lp. Following
[DS], e~tLP is said to be intrinsically ultracontractive (in short, IU) when the
following conditions are satisfied: (i) A is a positive eigenvalue of Lp with strictly
positive eigenfunction ¢ normalized by ||#o||2 = 1; and (ii) for each t > 0, there

exists a positive constant C; such that

(38)  Ci'¢o(e)do(y) <T(w,9,t) < Cido(2)do(v), (w.y) € D*.
PROPOSITION 3.5: IfetlP is IU, then the constant function 1 is GP-bounded.

Proof: Since

/D Ty, 2, 5)do(v)dy = e=°do(2),

we have by (3.8) with t =1

(39  Crle*go(x)go(2) < T(w, 2,5 +1) < Cre™ gy ()o(2)-
By the maximum principle (cf. [Ar]),

(3.10) /D I'(z,y,t)G(y,w)dy < G(z,w), (z,w)€ D? t>0.
By (3.8) and (3.10),

(311) o) | dolw)Clwwdy < LGl w).

By (3.9) and (3.11),

(3.12) / Iz, z,5)G(z,w)dz < (Cie*)e 2°G(z,w), s> 1, (z,w)€ D>
p
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Finally, by (3.10) and (3.12),

/DG(J:,z)G(z,w)dz=/00o ds/DF(z,z,s)G(z,w)dz

<1+ C;‘)'e)“’/ e~20%ds|G(z, w).
1

This shows (3.1) with W = 1. |

Remark: Propositions 3.3 and 3.5 show that if e *f2 is IU, then 1 is HP-
bounded. This, however, is not really new {(cf. the sentence below the proof of
Proposition 1 of [B3]).

Here we should mention a historical remark.

Remark: The estimate (3.3) with W = 1 is called a (conditioned) life time es-
timate or Cranston—-McConnell estimate, since they [CM] first established such
an estimate in connection with the (conditioned) expectation of the exit time 7p
of the Brownian motion. Recently, life time estimates and intrinsic ultracontrac-
tivity have been investigated extensively by mé.ny probabilists and analysts (cf.
[AM], [B1,2,3], [BC], [BD1,2], [BQ], [Ci], [CM], [D], [DS], [F], [M4,5,6], and refer-
ences therein). Bafuelos and Davis [BD1,2] gave, among others, examples which
are not IU, but for which life time estimates hold. On the other hand, Murata
[M4,5,6] observed that for an unbounded domain D, intrinsic ultracontractivity
or the estimate (3.5) with W = 1 implies existence of a positive solution of a
parabolic equation with zero initial and boundary value; and gave sharp criteria
for the uniqueness of the positive Cauchy problem.

We say that e *L? is semi-IU when the conditions (i) and (ii) hold with (3.8)
replaced by

(38/) Ct_1¢0(y) < F(zmya t) < Ct¢0(y)1 Yy € D.

The following proposition can be shown in the same way as in the proof of
Theorem 5.1 of [M5].

PROPOSITION 3.6: The semigroup e *? is semi-IU if and only if 1 is GP-
semibounded.
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§4. Sufficient conditions for a perturbation to be GP-semismall at
infinity

In this section we give two conditions sufficient for W to be GP-semismall at

infinity. Their applications will be given in the next section.

We first give a sufficient condition coming from the basic estimate developed
in connection with life time estimates (cf. [Ai}, [AM], [B3]).

THEOREM 4.1:

(i) Let € D and 1 > 1. Let h be a positive continuous solution of the
equation
n n
'Lh =~ Y 8i(ai;0;h) + Y _0;(bjh) + Vh=0 in D.

i,j=1 j=1
For any integer k, put
Ef ={y € D;n*™" < h(z)G(z,y)h(y) ™" < n**?},
Ff = {y € D;n* < h(z)G(z,y)h(y)~" < n**1}.

Then

(4.1) f‘ggaﬁ /D Gz, 1) f )Gy, 2)dy

7 1 B7
<ol X | KARLONO

o weFy

for any nonnegative measurable function f on D.

(ii) Let z € D and n > 1. Suppose that either there exists a positive continuous
solution h of the equation *Lh = 0 in D such that

(42) n ' <h(y)/hz)<n, yeD,

or

(4.3) > 06;+V 20 inD
i=1

in the distribution sense. For any integer k, put

A7 = {y € D;n*? < G(z,y) < n**3},
Bf = {y € D;nF! < G(z,y) < nF+?).
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Then

(4.4) sup = / Glz,9)f )Gy, 2)dy

zED

for any nonnegative measurable function f on D.

Proof: (i) Recall that {D;}32, is the exhaustion of D given in Section 1. Put
G; =G> D;Ef = D;nE}, D,Ff = D;NFf, and G, = Gr?P%. Set

(4.5) YLy = —h7? zn: 6,( (11] )+ Zb 8

z3,5=1
Then we have

(4.6)
GO (w,y) = h(w) " Gy, w)h(y),
GY: (y,7) = h(y) Gz, h(z), GB,1,2) = h(y) ' G(z,y)h(z).

il

Since 1 is a positive supersolution of the equation *Lyv = 0 in D, the usual weak
maximum principle for :L; holds in any open set Q2 € D; that is, if v € H lloc(Q)

satisfies, for some positive constant M,
PLyw<0in Q, v< M on 89,

then v < M on Q. Thus we can apply the same argument as in the proof of
Theorem 3 (the generalized basic estimate) of [AM] (see the formulas (7) and
(10) therein) to show that for any j, k

(@7 iy} / Gi7, (2,9) f (y)uly)dy
n’ D;EY
<o, ;gny ww) [, S @t

where

u(y) = h(y) "' G(z, y)h(z).
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Since u(y)/u(w) < n for any y,w € FF and |J, F¥ = D ~{z}, we have by (4.6)
and (4.7)

[ &w2swo s
<o T6wn) S sw [ hw) G k) Sy
S-pr DR e

weD; FE

k=—00
for any z € D;. Thus, letting j — oo, we get (4.1).

(ii) Assume the existence of a positive solution h satisfying (4.2). Then Ef C
A%, FF C B, and h(y)/h(w) < n? for any y,w € D. Thus (4.4) follows from
(4.1). Finally, assume (4.3). Then 1 is a positive supersolution of the equation
tLypv =01in D. Thus, as in (i), we get

1
(48) EEEF(&,T) /D Gz, 9)f (W) Gy, 2)dy
S P Z o szy, w) f(y)dy,
where

af = {y € D;n* ! < G(z,y) < 7**?} and B2 = {y € D;n* < G(z,y) < n**}.
Obviously, (4.4) follows from (4.8). ]

Denote by my(f,z) and M(f,z) the right hand sides of (4.1) and (4.4),
respectively. In the proof of Theorem 4.1, we have shown that if (4.2) is
satisfied, then

(49) mh(fax) < M(f,.'L‘),

and that if (4.3) is satisfied, then (4.9) also holds with h = 1. Put W; = Wxpe.
Then we have the following theorem.

THEOREM 4.2: If

lim mp(|W;|,20) =0 (or lim sup ms(|W;|,z) =0),

o0 j—o0 :ceD;:‘
then W is GP-semismall (or G2-small) at infinity. Furthermore, under the
condition (4.2) with ¢ = z¢ or (4.3), if

lim sup G(zo,y) =0 and M({W|,z0) < o0,
j—o0 yED“
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then W is GP-semismall at infinity.

Proof: 'We have only to prove the last statement. For j = 1,2,..., put

k(j) = min{k € Z; sup G(zo,y) < n**?}.
y€DS
Then k(j) = —oco as j — oo, for sup{G(zo,y);y € D§} — 0 as j — oo.
Furthermore,
{k € Z; B N DS # 0} C {k € Z; k < k(j)}

This together with (4.4) implies that

1
—_— < .
= oo | Gl WG, 2y < MOW), )

5 k(5)

¢
j

Afo
< swp [ 6L )W)l
Bk°nD;

(n—1)? £~ wep®
Since M(|W|,z) < oo and limj, k(j) = —oo, the above inequality
yields (1.3). |

We next give a sufficient condition which is suggested by the 3G theorem
developed in connection with the gauge theorem (cf. [BHH], [CFZ), [HZ], [Z1,2,3],

and references therein) in a rather general form, expecting further applications.

Definition 4.3: Let F be a nonnegative measurable function on D?. If there

exists a positive constant C such that

then we call (4.10) a 3G inequality with F'.

For any nonnegative measurable function f on D, put

(4.11) Ne(f, 2,2) = /D {F(e,y) + F(y, )} f(w)dy.

Clearly, we have

THEOREM 4.4: Suppose that there holds a 3G inequality with F. If

(4.12)  lim sup Np(|Wj|,z,2) =0 (or _li}m sup Np(|Wj|,xz0,2) =0),
j

Jj—oo z,z€D¢ o0 2€D5
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then W is GP-small (or GP-semismall) at infinity.

Here, we should mention a weak form of (4.10) with F = 1 {cf. [P1, Lemma
2.11]): For any 6 > 0 with B(zo,8) = {z € R*; |z — z0| < d} CC D, there exists
C > 0 such that

(4.13) G(z,20)G(z0,2) < CG(z,2), x,z€ D B(zy,9).

We conclude this section with a remark on the regularity condition on the

coefficients, which is concerned with all results in this paper.

Remark 4.5: Even if the condition that VW € L, (D) is replaced by a less
stringent one, that V and W belong to the local Kato class K'¢(D), all results
given in the preceding sections and those to be given in the next section are still
valid, because Green functions in this case are still comparable with the standard
one (cf. (2.5) in Section 2). For results concerning the Kato class, see [K], [B2],
[BHH], [CFZ], and [Z1,2,3]. But we do not know whether the condition that
b;j € Lap10c(D) can be replaced by a less stringent one, that |b;1? € Klee(D).

§85. Examples

In this section we give several examples concerning Gf -semismallness.
Throughout this section we assume that L is uniformly elliptic, i.e.,

(aij(2))7 ;= is a matrix-valued measurable function satisfying
(5.1) AR <Y ai(@)6g; < AP, € RN
i,5=1
In what follows we denote by |B| the Lebesgue measure of a Borel set B in R™.

5.1 Throughout this subsection we further assume that D is a bounded domain,
bj € Lyy(D) and V € Lp(D). In this case, where D is bounded, the term
(GP-semismall) at infinity may be read as (GT-semismall) at the boundary dD.

THEOREM 5.1: Suppose that there exists a positive solution h € Hy(*L, D) such

that h(zg) = 1 and {h(z);z € D} C (™', n) for somen > 1. Put

(5.2) Ay, = {y € D;n*"? < G(z0,y) < 13},
(5.3) I;={k€ZA,ND;#0}, j=12,....
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If

(5.4) ]13{.10 Z ”W”L,,(AkﬂD;)lAklz/"—l/p =0,
kel

then W is GP-semismall at infinity.

Proof: Put W; = [W|xps. By (4.4),

(5.5)
sup ——— &l / G(zo, y)W;(y)G(y, 2)dy < C’Z sup G2+ (y, w)W;(y)dy.
zeD 3"0, wEAL J A

Let us show that there exists a positive constant C such that for any j and k € I;

69 swp [ GI W) < CIWlLyannplad
wEA k

Choose g such that n/2 < g < min(n,p), and put r = (1/q — 1/n)~. First,
consider the Dirichlet problem

'Lu=Y 8f; inQ, ue H)Q),
i=1
where §) is an open subset of D and f; € L.(Q),i = 1,...,n. Clearly, n < r < co.
By Théoréme 4.2 and Remark 4.3 in [S], there exists K and N independent of €2
such that
sup u(a)] < K Y 1l @l + Nl
i=1
Next, we claim that there exists a positive constant C independent of 2 such
that "
lull o) < C Y Wfillza@)-

i=1
In order to prove this claim, we prepare some notations. Denote by tLqo the
Dirichlet realization of *L in L;(€). That is, {Lou = tLu for u in the domain of
tLg, which is equal to {u € H}(Q);*Lu € Ly()}. Let o(*La) be the spectrum
of tLg, and put

I'(L,Q) = inf{Re 2;2 € o(*La)}-

Since D is bounded, b; € Lgp(D),V € Ly(D), and there exists a solution h
satisfying ! < h(x) < 1, Theorems 1.4 and 1.5 of [M2] show that

rtL,Q) >r(*L,D) > 0.
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Then, by Théoréme 3.4 in [S], the operator (*Lg)~! is extended to a bounded

operator from H~1() to H}(2); furthermore,

[e ]

Z (‘L + X1,

where X is a positive number such that the form ((*L + A)yp,¢) on Hj(D) is

coercive. This proves the claim. Since

1£illLacey < Ifilloqyl Q22"

and |Q'/2-1/" < |D|/?1/" | we thus get

SupIU( )| < (K +N|D|/271/m) lefallzr(mlﬂll/" v

i=1

Finally, consider the Dirichlet problem
‘Lu=f inQ, u€ HQ),
where f € Ly(€2). Let g be a solution of the Dirichlet problem

~Ag=f inB, ge H)(B),

where B is an open ball including D, f = fin @ and f = 0 on B\ Q.

fi=-0;9,1=1,...,n. Then,

f= 23 fir Z||fz||Lr(n < Clfllz (s

i=1

where C' is a positive constant. Thus, we have
sup [u(z)| < ClifllLy@)QP ™12 < Cl fllL |17
with another positive constant C. This completes the proof of (5.6), since
we)= [ G waW Wiy
Ag
is a solution of the Dirichlet problem

‘Lu=W,; in Ay, u€ H}(Ap).

Put
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Hence, by (5.5) and (5.6),

(5.7)
1
sup ———— | G(zo,v)|W([®)|G(y,2)dy < C w oy| A2/ 1P,
sup e | Glen IV WIC, Ay < € 32 Wl a4
This proves the theorem. [ |

Now, suppose that D is regular with respect to the Dirichlet problem for
(L, D) in the sense that G(zg,y) = 0 as y = 8D. Then we see that there exists
such a positive solution & as in Theorem 5.1, and that supI; - —co as j = oo.
Hence we have

THEOREM 5.2: Suppose that 8D is regular with respect to the Dirichlet problem.
If

0
(5.8) Y Wl anl4el/m71P < oo,

k=—oc0
then W is G2-semismall at infinity.

Example 5.3: Let n = 2. If 3D is regular with respect to the Dirichlet problem,
then 1 is GP-semismall at infinity. In fact, the left hand side of (5.8) is estimated

from above by ZZ: |Ax| < 5|D|.

—o00
THEOREM 5.4.1: Suppose that D is a bounded Lipschitz domain. For anyr > 0,

put D" = {z € D;d(z) = dist(z,dD) > r}. Then there exists a > 0 such that if
W satisfies

(5.9) Wi, < Cr®, >0,

for some C > 0, then W is GP-semismall at infinity.

Proof: We see that there exist positive constants 3, v, C such that
C7ld(y)” < G(zo,y) < Cd(y)”

for any y with d(y) << 1. (For the first inequality, see [B2] and [F, Proposition 1];
and for the second, see [S].) Thus

(CTHFY <d(y) < (Co* )P,y e A

Since [D~ D™} < Cr for r << 1, there exists & > 0 such that (5.9) implies (5.8).
Hence the theorem follows from Theorem 5.2. ]
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Example 5.4.2: Suppose that b; = 0, V = 0, and D is a bounded Lipschitz
domain. First, let n > 3. Then, Theorem 3.1 of [CFZ] asserts that the 3G
inequality (4.10) with F(z,y) = |z — y|>~™ holds. Thus, if
(5.10) lim sup [ o=y W )ldy =0,

D

j—=oogeDe J pe
i

then W is G’f -small at infinity. Second, let n = 2. Then it follows from the proof
of the above Theorem 3.1 that

R R
5.11 G(z,y)G(y,2) < CG(z,2)3 1o +lo },
611) GG < CGle,) {log T +log

where R = sup{3|z — y|; (z,y) € D?}. Thus, if

(5.12) lim sup/ (log R >|W(y)|dy=0,
D¢ Iz — yl

IO zeDg
then W is GP-small at infinity.

5.2 In this subsection we assume that L = _sz=l 0;a;j(x)0; with the

coefficients satisfying (5.1).

Example 5.5: Suppose that D = R™, n > 3. Then it is well-known that G(z, y)
is comparable with |z—y|2~™. Thus we easily see that (4.10) holds with F(z,y) =
|z — y|2~™ (see also [BHH, Lemma 7.3]). Hence, if

(5.13) lim sup [ oy Wy =0,
I e25 125
then W is GP-small at infinity (see also [Z1,2,3]).

Example 5.6: For some a < —1, put
D ={z = (z1,2') e "%z, > 1,|7'| < z{}

Then 1 is GP-semismall at infinity. This can be proved in a way similar to the
proof of Theorem 5.2 (see also the proof of Theorem 1.1 in [M6]).
Example 5.7: Let n = 2, a;; = A\j(z;), j = 1,2, and a;2 = a1 = 0. Suppose

that D C {z € R?%;z; > 0,z > 0}, and 9D is regular with respect to the
Dirichlet problem. Assume that

W (z)| < C(z5 +2f)
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for some real numbers a and 5. Then the function

is a positive solution of Lu = 0 in D, and comparable with ;. Thus, it follows
from the proof of Theorems 1 and 4 of [AM] (which is based upon the basic
estimate like (4.4)) that if

/ (z$ + 22)dz < o0,
D

then W is GP-small at infinity.
5.3 In this subsection we assume that D = R".

Example 5.8: Let L = —A + |z|? for some # > —2. Suppose that
(1+ [a])'=P/3+=/aW (z) € Ly(R™)

for some g > n and € > 0. Then the proof of Theorem 5.8 of [M1] shows that if
-2 < (<0 (or B> 0), then W is GP-small (or GP-semismall) at infinity. (As
for the case § = 0, see also [HZ)].)

THEOREM 5.9: Suppose that

L=-" 8aij(z)d; +V(z),
1,j=1
where A\ < V < u for some positive constants A and u. Let E(y,w) = |y — w|*™"
forn > 3, and E(y,w) = log(2/|y — w|) for n = 2. Then there exists a natural
number N such that if

o

(5.14) Z sup / E(y, w)|W (y)|dy < oo,
k=N & <lw|<NkJly-w|<1

then W is GP-semismall at infinity.

Proof: Put Lo = —Y; . 8,a;;(2);, GLo4r = GY, ,,, and let T(z,y,t) be the
fundamental solution for the parabolic equation (8; — Lg)u = 0 on R™ x (0, 00).
Then there exist positive numbers «, 8, C such that

_ 2 — |2
C—lt—n/2exp (_Q[Z - yl ) < F(w,y, t) < Ct—n/2exp (_ﬂlm - yl )
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(cf. [Ar]). Since V > A, this together with the maximum principle yields

G(x’y) < GL0+/\(z:y) = / F(xy'y’ t)e—’\tdt
0

[+9) _yl2
< C/ ¢t~ %exp (—ﬂz—ty—l ~ At) dt < Crg(z,y;462),
0

where g(z,y;48)) is the Green function for (—A + 48X, R™) and C) is a positive
constant. Similarly,
Cyg(z, y; 4au) < G(z,y).
Thus we have:
(i) for |z —y| < 1,

(5.15) CT'E(z,y) < G(z,y) < CE(z,y);
(ii) for |z —y| > 1,
(5.16) C e =Y < G(z,y) < Ce Ol

where v and § are positive constants.

Let us apply Theorem 4.1(ii). For any k£ > 5, put
Zr =A% = {ye D;n %% < G(0,y) < n7F+3}.
In view of (5.16), we can and will choose 7 > 1 and N > 1 such that
Zy C Yy ={y e R*;k/N < |y| < Nk}
for any k > 5. This together with (4.4) yields

sup —~ G Y,z dy<C E sup Gy,w Wydy
z€eD G(O Z / ( ) —= = s 1 ( ) J( )

for any sufficiently large j, where W; = |W|XD;%- By (5.15) and (5.16), the right
hand side of (5.17) is estimated from above by

2Nk
C I:Sllp / E(y,w)Wj(y)dy] X [1 + Ze—‘”ln—l] )
ly—wl<1 =1

wEY
Thus
(5.18)
sup —— / G(0,y)W. ,2)dy < C )  sup / E(y, w)W;(y)dy
2eD G( 0 z) ( )G(y:2) IDZN“’GY" fy—w|<1 i)

with another constant C. Since inf{k; D§ NY;} — oo as j — oo, (5.14) and
(5.18) complete the proof of the theorem. ]
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Example 5.10: Let L be as above. Suppose that the coefficients a;; and V
are periodic functions, W satisfies (5.14), and (L + W, D) is subcritical. Then,
by Theorem 1.4 in Section 1 and results of [Ag] (see also [LP]), the minimal
Martin boundary 8,, D +w for (L + W,R"™) is homeomorphic to the boundary of

a non-empty strictly convex bounded open subset of R™.

THEOREM 5.11: Let L = —A + V with Mz|? <V < p|z|? for some positive

numbers 3, A, and u. Then there exists a natural number N such that if

[ 9

Gi) Y sp Bly, w)|W (y)ldy < oo,
k=N T <|w]f/H <Nk ly—w(<|wj=8/2

then W is GP-semismall at infinity.

Proof: For a > 0, let H, be the Green function for (—A + ax|?,R"). Then
H) < G < H,. By Theorems 4.10 and 3.12 of [M1], we have the properties of
H, which are necessary for carrying out the same argument as in the proof of

Theorem 5.9; for example,
Hy(0,y) = Cly|~"~V/2~F/exp[~a'/2(8/2 + 1) |y|***][1 + o(1)] as [y| — co.

Hence the theorem can be shown as Theroem 5.9. We omit the details. [ |
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